In this chapter we investigate analytically and numerically the dynamics of Nd: YAG laser with intracavity KTP crystal operating in two parallel polarized modes. System equilibrium points were found out and the stability of each of them was checked using Routh Hurwitz criteria and also by calculating the eigen values of the Jacobian. It is found that the system possesses three equilibrium points for (I j , G j ) where j=1, 2.One of these equilibrium points undergoes Hopf bifurcation in output dynamics as the control parameter is increased. The other two remain unstable throughout the entire region of the parameter space. Our numerical analysis of the Hopf bifurcation phenomena is found to be in good agreement with the analytical results. Nature of energy transfer between the two modes is also studied numerically.
INTRODUCTION
Laser systems have been studied extensively over the last several years because of the rich variety of dynamics they exhibit. A lot of research has been carried out to study the chaotic fluctuations in the output dynamics of laser systems. Among them instabilities in multimode solid state lasers were of special interest. Intracavity doubled continuous wave infrared lasers are efficient sources of coherent visible light. Nd: YAG lasers can be developed as cw visible sources using high power laser diode arrays for pumping and also doubling crystals with large nonlinear gain coefficient. Baer [1] first reported large amplitude fluctuations in this laser system. He observed that large amplitude fluctuations and longitudinal mode instabilities arise in the output of diode pumped Nd: YAG laser in the presence of an intracavity doubling crystal. Coupling of various longitudinal modes of the laser by sum frequency generation was found to be the origin of these instabilities. He developed a deterministic rate equation model to explain these fluctuations. Using this model he was able to predict the dependence of these fluctuations on the pump level, the nonlinear coupling constant and the number of oscillating modes.
A detailed analysis of the periodic and the chaotic fluctuations in the output intensity of multimode solid state laser was carried out by Bracikowski and Rajarshi Roy [2, 3] . They studied the Nd: YAG laser with intracavity KTP crystal and obtained several interesting results. It is possible to eliminate the chaotic fluctuations in this laser and also obtain complex periodic waveforms such as antiphase states by varying the relative orientation of the YAG and KTP crystals. They have also made a statistical study of these chaotic fluctuations.
Studies by Oka and Kubota have shown that the laser dynamics is strongly influenced by the polarizations of the cavity modes [4] . This dependence is due to the fact that the amount of green light produced by sum frequency generation depends on whether the contributing fundamental modes are polarized parallel or orthogonal to each other. It has been shown that when the laser is operating with two orthogonally polarized modes the chaotic fluctuations in the output intensity can be stabilized through a reverse period doubling bifurcation by varying a particular control parameter (relative orientation of YAG and KTP crystal). The detailed dynamics of such a laser system is given in chapter 3 [5] . Recently Czeranowsky et al studied the influence of orthogonally polarized modes on the output stability of an intracavity doubled Nd:YAG laser [6] . They reported that a high pump power or high conversion efficiency causes the laser output to become unstable through Hopf bifurcation. In this chapter we study the dynamics of Nd: YAG laser with intracavity KTP crystal operating in two parallel polarized modes analytically and numerically. It is found that the laser output exhibits Hopf bifurcation as the control parameter is varied [7] . A detailed stability analysis of the bifurcation phenomena is carried out by using Routh -Hurwitz criteria and also by calculating the eigen values of the Jacobian.
Effect of change in orientation of YAG and KTP crystal on the energy transfer between the two laser cavity modes is also studied.
LASER MODEL
For numerical work we consider Nd: YAG laser with intracavity KTP crystal operating with two longitudinal modes. The modes chosen are having the same polarization states. A detailed description of the laser model is given in the previous chapter. The system can be modeled by the rate equations for the intensity I k and gain G k for the k th longitudinal mode [2] . The parameter values are chosen as in table 3.1 given in chapter 3.
As modes are having same polarization states, we choose µ jk = g.
RESULTS
It was proved earlier that for Nd:YAG laser operating in two orthogonally polarized modes the output intensity fluctuations change from chaotic to stable behavior through a reverse period doubling bifurcation sequence as the system control parameter (g) is continuously varied. Since there is a strong dependence of the output dynamics on the polarizations of the laser cavity modes, an entirely different dynamical behavior is expected for a laser operating in two parallel polarized modes.
The rate equations for intensity and gain (equations 5.1 and 5.2) are solved using Matlab to get analytical expressions for the solutions in terms of the control parameter g. The system fixed points are obtained by substituting different g values in these expressions. It is found that the laser system has got nine fixed points as there are nine 
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2) Solution Set II & III
Stability analysis of these fixed points is also carried out as in previous case.
It is found that the two fixed points remain unstable for the entire range of g values. The Hopf bifurcation phenomena is evident from the bifurcation diagram where the maxima and minima of total output intensity is plotted against the control parameter (Fig 5.7) Figure 5.7: Bifurcation diagram where the maxima and minima of total output intensity is plotted as a function of the control parameter g.
We have also studied the exchange of energy between the two modes. For this the intensity in the X polarized mode is plotted against that in the Y polarized mode. Figure 5 increased it changes into a closed loop (corresponding to the limit cycle region) indicating a periodic exchange of energy between the two modes. 
CONCLUSIONS
Nonlinear dynamics of Nd: YAG laser with intracavity KTP crystal operating with two parallel polarized modes is studied. System equilibrium points were found out analytically. It was found that the system possesses three equilibrium points. The stability of each of them was investigated using Routh Hurwitz criteria and also verified by calculating the eigen values of the Jacobian. One of the equilibrium points loses stability at a particular value of the control parameter (g=0.28) and evolves as a limit cycle-the phenomenon called Hopf bifurcation. The other two equilibrium points remain unstable through out the entire region of g value. This is different from the case where reverse period doubling route from chaos to stability was found for laser oscillating with two orthogonally polarized modes.
Occurrence of Hopf bifurcation in the output dynamics is investigated numerically also.
Energy sharing between the two longitudinal modes is studied as a function of the control parameter. Polarization of the cavity modes is found to have great influence on the nature of energy transfer between the modes.
